The effect of compressibility in hydrodynamic vortex merging has been discussed. In the past, in incompressible limit it has been observed that the merging of a collection of intense point-like vortices arranged uniformly outside a circular vortex, can lead to quasistationary vortex patch and transient hole pattern inside the patch via nonlinear merger process. These patterns are akin to 'vortex crystals'. Compressibility can introduce a natural acoustic scale to the problem. We find that the natural mode is independent of the number of point-like vortices and the amplitude scales linearly with compressibility. Further it has been identified that after merging, the system exhibits oscillation at a natural frequency together with its harmonics and beats with its own harmonics. The power of the frequency is found to scale as M −2 , where M is the Mach number. Also the vortex crystals formed out of the merging process are found to melt faster as compressibility is increased.
I. INTRODUCTION
Intense vortices are ubiquitous in two dimensional fluid and plasma turbulences. In case of a fully developed turbulence, several eddies and vortices of different sizes and strength form, merge and keep the energy flowing from a driving scale to viscous scales via inertial scales. The nonlinear energy transfer from one mode to another mode is mediated through the dynamics and merging of vortices, thus essentially controlling the time evolution of the fluid or plasma. Hence the vortex merger problem has been studied extensively to better understand their role in turbulence. The understanding of turbulence problem becomes even more complex when fluids can respond to another inherent natural timescale due to compressibility. Most of the fluids as well as plasmas in nature are compressible. Hence the effect of compressibility on the dynamics of fluid elements had remained a point of fundamental interest since many years. Surprisingly the effect of compressibility on vortex dynamics was ignored for quite a long time and was not stressed until the work of McCune 1 . Recently there has been a surge of literature in the area of compressible vortices and their dynamics [2] [3] [4] [5] [6] [7] in which it has been shown that compressible vortices actually affect the nonlinear coupling between the modes and thus lead to several novel features which are absent in the incompressible flow.
In this paper we investigate the effect of compressibility on the dynamics and evolution of prearranged asymetric vortices. The model system generates interaction between vortices and holes (region of zero vorticity) with the background fluid via a complex process consisting of surface wave generation, wave breaking, vortex capture eventually leading to a long time structure formation or a) Electronic mail: rupakmukherjee01@gmail.com; rupak@ipr.res.in b) Electronic mail: ganesh@ipr.res.in vortex crystals, which dissipate at later times. The results have been generalised to compressible regime in this report.
We start with a model system of uniform circular patch vortex with radius R pa at the centre of the simulation domain. A set of N pv number of intense point-like vortices are uniformly placed at a distance R pv outside the patch vortex. The vorticity strength of point-like vortex and that of the patch vortex are ω pv = 10 and ω pa = 1 respectively. The system is then time evolved numerically and the merging of the vortices are observed. As found earlier 8 , we observe that such a system can sustain its pattern through the merging process and after merging the intense point-like vortices form a coherent "pattern" within the patch vortex. In this report we study the system with and without compressibility and try to identify the effects of compressibility on such patterns. We find that compressibility induces a natural mode to the system in which the total kinetic energy of the system starts to oscillate which in turn affects the timescale of merging. We have also identified that this natural frequency remains unaffected by a change in number of point vortices.
A. Physics aspects
A circular uniform vortex patch (also known as Rankine vortex) is known to support surface waves (also called Kelvin waves) on its boundary. When resonantly driven, these Kelvin waves can lead to nonlinear stationary states called "V-states" 9 . When driven further, the "V-states" result in "filamentation" (thin filament of vorticity emerging out of the patch vortex) instability and wavebreaking at later times. In past, the fact that, Kelvin waves are negative energy waves and the interaction energy between point like vortex and a nearly circular patch vortex is positive 10 had led to the prediction of quasistationary vortex and transient hole pattern 8 in the context of pure electron plasmas which is morphologically similar to the incompressible inviscid two di-mensional fluid. In this work 8 it was observed that the sustained vortex pattern preceded with the formation of hole capture and transient hole patterns within the patch vortex. Similar observation was later reported by Swaminathan et al 11 in the incompressible limit. The direct parallel between such an arrangement of fluid vortices and magnetised plasma column under strong axial magnetic field had been exploited in the past 8 . All the past works were restricted to incompressible fluids and plasmas. Compressibility effects are known to introduce an acoustic time scale. To the best of our knowledge, the role of compressibility on the way the merger dynamics would evolve has not yet been clearly brought out. In this report we have identified five distinct features due to the introduction of the compressibility effects which are absent in the previous literatures which dealt with the incompressible fluids only:
• It generates sound waves with a fundamental frequency, its harmonics and beats with its own harmonics.
• All the frequencies scale linearly with Mach number (M =
U0
Cs , where, U 0 is the maximum velocity and C s is the sound speed in the fluid).
• The power of all the frequencies is found to scale as M −2 .
• The fundamental frequency can be estimated from a simple calculation of one dimensional compressible fluid column.
• Acoustic timescales are found to affect the merging timescale.
• The vortex crystals melt faster due to the effect of acoustic waves generated as compared to their incompressible counterpart.
B. Governing equations
In order to address the problem mentioned above, we start with simple Navier-Stokes equations. We keep the co-efficient of viscosity (µ) to be spatially independent and choose the value to be very small. The sound speed (C s0 ) is defined as C s0 = γP0 ρ0 where,γ is the ratio between the specific heats, P 0 the initial pressure and ρ 0 the initial density. The set of equations that we evolve with time in our code are the following.
∇ρ ρ where u determines the velocity of a fluid element in two dimensions. The sonic Mach number is defined as
where U 0 is the maximum initial velocity of the system. It is well known that initial conditions (e.g. magnitude of density 12, 13 , pressure) affect the time evolution of compressible fluids. However, throughout this work, we set ρ 0 = 1 unless stated otherwise. The effect of variation of initial magnitude of density and pressure are beyond the scope of the present work and will be addressed in a future communication.
The next section describes the benchmarking details of our code and the parameter details using which the whole simulation is performed. Section III provides the results obtained using the parameters in both incompressible as well as the compressible system. In section IV and V we analyse the results and try to explain the simulation results using a simple basic theoretical model. We conclude with a summary of the whole problem and the results obtained and try to outline a future direction of the problem in section VI.
II. SIMULATION DETAILS

A. Benchmarking of the code
We develop a new code Compressible Fluid Dynamics 2 Dimensional (CFD-2D), capable of handling compressible fluids, that uses pseudo-spectral technique for spatial discretisation with a standard de-aliasing by zero padding using the 3/2 rule 14 to simulate the above set of equations. The above equations are evaluated using velocity formulation in two dimensions with periodic boundary conditions in cartesian co-ordinates. We use the multidimensional FFTW libraries (v-3.3.3) 15 to evaluate the fourier transforms, whenever needed. The time evolution of the code is performed with Adams-Bashforth 14 , Predictor-Corrector and Runge-Kutta 4 techniques individually and all the three techniques are found to agree in the primary benchmark results. The results in this paper are calculated using Adams-Bashforth method for temporal evolution calculation.
M → 0 limit
For benchmarking study we reproduce the growth rate of Kelvin-Helmholtz instability for two oppositely directed jets in an infinite domain at the incompressible limit analytically calculated earlier by Drazin 16 . We obtain the identical growth rate from CFD-2D with M = 0.05. We further confirm our results with another independently developed code that simulates the Navier-Stokes equation in vorticity formalism in the incompressible limit (M ≡ 0) [Fig 1] . We also obtain the growth rate from another existing, well-benchmarked code AG-Spect 17 at the limit of negligible visco-elasticity. We also reproduce Kelvin-Helmholtz instability in the incompressible limit with a velocity gradient and find the same growth rate given by Ray 18 . 
Finite M limit
In order to check the correctness of the code in the compressible regime, we reproduce growth rates for the hydrodynamic limit numerically obtained by Keppens 
with U 0 = 0.645,
and L y = 2 with N x = N y = 128 and Mach number M = 0.5. We find that the growth rates agree well with the results reported earlier.
B. Parameter details
Having extensively benchmarked the newly developed compressible code CFD-2D, we proceed to simulate the vortex merger problem discussed above. We choose the system size to be big enough so that, the vortex mergers will not get affected by the mergers in the mirror domains due to periodic boundary conditions. We keep the value of µ small enough such that, we are able to isolate the effect of compressibility. For numerical purpose, we further choose a finite radius of each point vortices
We define the patch turnover time as
For further check, we compare our results with identical parameter set to AG-Spect 17 . We evolve the prearranged vortices in a system of area (4π)
2 with a resolution of 256 2 grids with time-steps of 10 −5 . We obtain the identical result with another run with grid size 512
2 . This indicates the numerical convergence of our results. For the rest of the paper, unless otherwise indicated, we keep the grid resolution at 256 2 . The parameter regime for which we compare the results of the two codes (CFD-2D and AG-Spect) are given in the following table (Table I) . We find the results obtained from the two independent codes in both the incompressible (M = 0.05) and the compressible (M = 0.5) limits, to be quite satisfactory [Fig 3] . We keep the above set of parameters identical throughout our paper unless stated otherwise. Next we vary only compressibility via Mach Number (M ) from 0.05 to 0.8 and make the following observations.
III. RESULTS
A. Results in incompressible limit
For the incompressible limit, both the codes (CFD-2D and AG-Spect) are found to replicate the results earlier obtained 8 through electrostatic particle-in-cell (PIC) method. Also the results qualitatively match with the recent observation by Swaminathan et al 11 addressed using Fourier pseudo-spectral technique. A detailed and complete description of the merging process is depicted in these 8,11 earlier communications in incompressible limit (M ≡ 0).
As found earlier, we find the Rankine vortex generates V-states and undergoes filamentation process. The point-like vortices become unstable and start falling towards the central vortex. The filamented fingers wave-break and engulf the point-like vortices. Then the vortex-hole pattern generates and remains quasistationary for a substantially long time scale (at least upto t = 90 14τ D , where, τ D is the vortex patch turn-over time) forming a "vortex crystal". In an unscreened or scale-less hydrodynamics it was shown that such stationary crystals are possible 10 . The snapshots of this incompressible (M = 0.05) vortex merger system are shown in Fig 4. 
B. Results in compressible limit
As the Mach number (M ) is increased, the qualitative behavior of the merging of the vortices and the quasistationary vortex and transient hole patterns remain the same. Also, the total kinetic energy starts oscillating with time (Fig.5) .The next section is devoted to analysing the frequency of oscillation, obtaining an order of estimate of the fundamental frequency from a theoretical model and the scaling of these frequencies with Mach number.
The merging time is found to get affected with the increase in compressibility. In the table below, we present the merging time with different Mach number (M ). T s represents the time after which the Kelvin waves from the surface of the patch vortex touch the point like vortices, T e represents the time when the holes (region of zero vorticity) gets isolated and fully trapped within distorted patch vortex and T m = T e −T s represents the time difference between these two processes. T d represents the time after which the quasistationary vortex crystal gets destructed due to nonlinear compressibility effects. From the above table, it is found that the startup of the merging process (T s ) gets delayed and the merging time (T m ) also gets elongated as the compressibility is increased. We have attempted to give a theoretical estimate of these numbers from a simple analytical model in the next section. and follows the analytical profile 
t = 100
16τ D , we have found that the vortex crystal pattern gets distorted and eventually in a long run the vortices merge and forms a single vortex. As the compressibility is increased the life-time of the vortex crystal is found to decay. The time after which the vortex crystal gets distorted (T d ) is evaluated with "eye" estimation and has been summarised in Table  II for different Mach number (M ). The sonic waves generated due to compressibility, perturb the crystal structure continuously and cause the melting. A detailed discussion is provided in the next section.
IV. ANALYSIS OF THE RESULTS FOR Npv = 5
For the incompressible limit (M = 0), we calculate the analytical decay rate of the total kinetic energy with time due to viscous dissipation. The decay is found to be in good agreement with the numerically obtained data with M = 0. Next we detrend the decay from the total kinetic energy of each of the runs with different Mach numbers. Then with the "detrened kinetic energy" we determine the frequency of the time series data. For the frequency calculation we use the standard FFTW libraries (v-3.3.3)
15 .
In the Fourier transform of the full kinetic energy data, we find five distinct peaks in the power spectrum. We redo the similar calculation for Mach numbers (M) = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8. We believe the first peak corresponds to the natural frequency of the compressible system occurring due to the interaction between the point like vortices as well as the central patch vortex. The third peak has the frequency twice of the first mode. The second is the beat frequency of the first and third mode. The frequency of the fifth mode is the double of the second mode. The fourth is the beat frequency of the second and fifth mode. If we represent the five prominent peaks in the power spectrum A, B, C, D, E in the increasing order of the frequency, we observe, the following relaton as stated above:
We find this relation to be true for all the values of M mentioned above. Table I .
It is well-known that
20 the amplitude of sound wave in a compressible fluid within a pipe is given by A = C To further understand the role of compressibility on the merger process we divided the full time series data of kinetic energy into three parts viz. a) before merging [t ≤ T s ], b) upto merging [t ≤ T e ] and c) after merging [t ≥ T e ]. We found a fundamental mode and one of its harmonics get excited before the merging process starts. As the merging process proceeds, the relative distances between the vortices decrease nonlinearly resulting in the increase of the frequency of the fundamental mode. Below in we show the evolution of fundamental mode as well as its harmonics and beats at the three different time scales.
We attempt an order of estimate of the fundamental frequency at the beginning (the case (a) i.e. before merging [t ≤ T e ]). We assume that the patch vortices are kept far apart such that at least at the beginning of merging process, they do not interact between each other. Hence we can concentrate on the patch vortex and any one of the identical point like vortices at least before the merging starts. Hence essentially we look into an one dimensional compressible fluid system, whose one end is the surface of the patch vortex and the other end is the sur- face of the point vortex. We know for a compressible fluid in a long tube the fundamental frequency becomes
M where l is the length of the tube. The value of U 0 can be found from the initial kinetic energy as given in Fig (5) . Also the distance between surface of patch vortex and that of point vortex is
At the beginning ([t ≤ T e ]) from Fig. 9 we find ω 0 = 3 which is very close to the estimated value (ω 0 = 3.198) from the simple approximate theory. With time the distance between point and patch vortices decreases, thus increasing the natural frequency of the system. The merging is a completely nonlinear process and hence the increase of the natural frequency is also nonlinear. With the increase of M the peaks of all the prominent frequencies get broadened and numerous frequencies with relatively much small amplitudes get generated. The power of the peaks of frequencies of kinetic energy also increases quadratically with M [ Fig. 7 ]. This essentially generates several group velocities in the system and thus continuously hammers the vortex crystals with more and more frequently as the compressibility is increased. Many of these frequencies with small amplitudes fall below the cut-off frequency and hence hastens the melting process of the vortex crystals as the compressibility is increased. This can be qualitatively verified from T d values provided at Table II for 
Now, we perform simulation for 2 ≤ N pv ≤ 8. As previously found 8 , the R pv needs to be tuned to induce the instabilities and generate the elongated fingers at proper places. We keep Rpv Rpa = Npv Npv−1 to guarantee merging. We have also found that changing R pv by a small value (at least upto 0.21R pa L 2 ) around the prescribed value does not affect any of the frequencies obtained earlier Npv Npv−1 . This indicates that, there is a band width of radial location for a fixed N pv value for which this merging process can take place. The distance has to guarantee the excitation of the Kelvin waves around the patch vortex even in the presence of viscosity. We run the simulation for a constant Mach number (M) = 0.5. We have found that by changing the number of point vortices N pv the fundamental frequency as well as its other harmonics and the beats does not change but the power changes. The power of kinetic energy is found to vary linearly with N pv (Fig.10) . It indicates that the fundamental frequency arises due to the interaction between the patch and the point vortex only and not due to the interaction between the point -point vortex.
The linear scaling of power with N pv also supports the indication. We also provide some snapshots of compressible vortex mergers with N pv = 2, 3, 4, 5, 6, 7, 8 for the identical parameter regime mentioned above [Fig 11] .
VI. SUMMARY AND DISCUSSION
In summary we have numerically time-evolved a prearranged set of point-like vortices centered around but outside a circular patch vortex and observed its merging and the formation of holes and quasistationary vortex crystals.
We have found that the compressibility effect induces a natural mode (ω 0 ) to the vortex dynamics along with Table I its harmonics and the beats with the harmonics. The power of kinetic energy is found to scale as M −2 where M is the Mach number. For lower M , this fundamental frequency (ω 0 ) is identified to affect the merging time as well as the vortex crystal-hole pattern formation time.
Unlike the report earlier 8 , the vortex crystals are found to melt faster as the compressibility is increased. As the Mach number is increased, the generation of multiple frequencies with comparatively less power are primarily believed to affect the sustenance of the vortex crystals.
We have verified that the natural frequency does not change with the number of point like vortices. Also we have seen that the power of kinetic energy scales linearly with the number of point vortices. Thereby we have inferred that this natural frequency arises due to the interaction between the patch and the point vortices.
Magnitude of the initial conditions (eg. density, temperature, entropy) are known to affect the dynamics of the fluid 12,13 and hence it would be interesting to investigate the scaling of the quantities found in this paper for different initial conditions of the fluid.
In the present work, a detailed comparision with two different spectral codes has been presented. However, for Mach flows, it would help if such a comparative study is performed using shock capturing numerical schemes. This will be addressed in a future communication.
Our study extends the direct parallel between two dimensional turbulence and magnetised plasma column under strong axial magnetic field as pointed out earlier 8 to the compressible regime which is more realistic in any laboratory experiment, though the exact isomorphism between two dimensional ideal incompressible fluid dynamics and magnetised two dimensional plasma is broken. 
